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A NOTE ON SELF-COMPLEMENTARY HYPERGRAPHS
Abstract. In the paper we desribe all self-complementary hypergraphs. It turns out that
such hypergraphs exist if and only if the number of vertices of the hypergraph is of the
form n =2
k. This answers a conjecture posed by A. Szymański (see [3]).
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Let us ﬁx a set of vertices V , |V | = n.F o r1 ≤ k ≤ n denote by
V
k

the set of
all k-elementary subsets of V .Ak-uniform hypergraph X is any pair (V,E),w h e r e
V = V (X) is called a vertex set and E = E(X) ⊂
V (X)
k

is called an edge set.
Two k-uniform hypergraphs X and Y are called isomorphic if there is a one-
to-one mapping θ: V (X)  → V (Y ), which induces the one-to-one mapping E(X)  →
E(Y ).T h em a p p i n gθ is called an isomorphism between X and Y .
A k-uniform hypergraph X is called self-complementary if X is isomorphic to
its complement X. The complement X of the hypergraph X is deﬁned as the pair 
V (X),
V (X)
k

\ E(X)

.
Since any isomorphism of the k-uniform hypergraph X to its complement ¯ X is
a one-to-one mapping of the set of vertices V (X), we lose no generality assuming
that V (X)={1,...,n}, so the one-to-one mapping is a permutation. We call such
a permutation a k-complementing permutation.
Below we shall see that there is a very close correspondence between the class
of self-complementary k-uniform hypergraphs and the set of k-complementing per-
mutations. Namely, let θ be a permutation of the set V = {1,...,n}.T h e no n e
may try to construct a self-complementary k-uniform hypergraph X induced by this
permutation as follows.
Take any k-elementary subset A1 ⊂
V
k

.Wed e ﬁ n e X (and simultaneously X)
as follows. The set θj(A1) is from E(X) iﬀ j is even and the set θj(A) is from
Opuscula Mathematica • Vol. 25 • No. 2 • 2005
351E(X) iﬀ j is odd. Take an arbitrary element A2 ∈
V
k

\
∞
j=0 θj(A1) (actually, the
union here is a ﬁnite one) and we deﬁne elements from X and X as earlier (with
A1 replaced by A2), i.e. θj(A2) ∈ E(X) iﬀ j is even and θj(A2) ∈ E(X) iﬀ j is odd.
Wep r o c e e ds i m i l a r l yt i l lw ee x h a u s ta l le l e m e n t so f
V
k

. Note that the presented
procedure leads us to a well-deﬁned self-complementary hypergraph X iﬀ for any
A ∈
V
k

the inequality θj(A)  = A holds for any j odd. In such a case the permutation
θ is a k-complementing permutation.
Remark that a permutation θ is a k-complementing permutation if and only if
for any A ∈
V
k

the inequality θj(A)  = A holds for any j odd.
Note that 2-uniform hypergraphs are simple graphs. So the problem of the
description of 2-uniform self-complementary hypergraphs is the problem of the de-
scription of self-complementary graphs. There is a rich literature on this topic, see
e.g. [1].
A full description of 3-uniform self-complementary hypergraphs was given in [2],
and a full description of 4-uniform self-complementary hypergraphs was given in [3].
Both descriptions are given with the help of a characterization of complementing
permutations.
We deﬁnea hypergraph X as a pair (V (X),E(X)),w h e r eV (X)=V is a set with
n elements called a vertex set and E(X) ⊂
n
k=1
V
k

. Denote Ek(X): =E(X)∩
V
k

,
k =1 ,...,n. Let us denote by Xk a k-uniform hypergraph (V (X),E k(X)).
Then one may introduce a notion of a self-complementary hypergraph as a
hypergraph isomorphic to its complement. In particular, it would imply that the
k-uniform hypergraph Xk would be a self-complementary k-uniform hypergraph for
any k =1 ,...,n.H o w e v e r ,a so n em a ye a s i l yv e r i f yt h e r ea r en os e l f - c o m p l e m e n t a r y
hypergraphs in this sense. The reason why this is so is that the necessary condition
for a k-uniform hypergraph to be self-complementary is that the set
V
k

has even
number of elements, k =1 ,...,n–b u t



V
n


 =1is never even.
Therefore, let us deﬁne the complement ¯ X =( V ( ¯ X),E( ¯ X)) of the hypergraph
X =( V (X),E(X)) as a hypergraph such that V ( ¯ X)=V (X) and E( ¯ X)=
n−1
k=1
V
k

\
E(X).T h eh y p e r g r a p hX is called self-complementary if X is isomorphic to ¯ X, i.e.
there is a one-to-one mapping θ: V (X)  → V ( ¯ X), which induces the one-to-one
mapping E(X)  → E( ¯ X) – it implies, in particular that En(X)=∅.T h em a p p i n gθ
is called an isomorphism.
Any permutation of the vertex set V (X)={1,...,n} such that θ is an iso-
morphism of the hypergraph X to ¯ X is called a complementing permutation. Note
that any permutation θ is a complementing permutation if and only if θ is a k-
complementing permutation for any k =1 ,...,n− 1.
It turns out that there is a complete description of self-complementary hyper-
graphs in terms of the number of vertices of the hypergraph and the hypergraphs
are deﬁned with the help of complementing permutations. We present below this
description and we give its proof.
352 Małgorzata ZwonekTheorem. Let X be a self-complementary hypergraph with V (X)={1,...,n}.T h e n
n =2 k for some k =1 ,2,....
Moreover, the permutation given as a cycle θ := (12 ...2k) induces a self-
complementary hypergraph X for any k =1 ,2,.... Conversely, any hypergraph with
the vertex set equal to {1,...,n},w h e r en =2 k, is induced by a permutation which is
a cycle of the length 2k.
In other words, if n =2 k then the permutation θ is a complementing permutation
if and only if θ is a cycle of the length 2k.
The above theorem answers positively a conjecture posed by A. Szymański in
[3], stating that a necessary condition for a self-complementary hypergraph is that
its vertex set has 2k elements for some k.
Proof. First we prove that the necessary condition for a hypergraph X to be self-
complementary is that n =2 k for some k.
Suppose it does not hold. Then 2k(2m+1)=n for some m ≥ 1 and k ≥ 0. Note
that the necessary condition for a hypergraph to be self-complementary is that for
any 1 ≤ N ≤ n−1 the number of elements of
V (X)
N

, i.e. the number
n
N

is even. It
implies, in particular, substituting N =1 ,t h a tk ≥ 1 and n is even. We show below
that
 n
2k

is odd, which gives the contradiction and ﬁnishes the proof.
Note that 
n
2k

=
n(n − 1) · ...· (n − 2k +1 )
1 · 2 · ...· 2k .
To see that the above number is odd it is suﬃcient to show that for any even number
t =2 ,...,2k − 2 the number n−t
t i sn o te v e n( e i t h e ro d do rn o tf r o mZ). So ﬁx an
even 2 ≤ t ≤ 2k − 2.T h e nt =2 r(2s +1 ) ,w h e r es ≥ 0, 1 ≤ r ≤ k − 1.T h e n
n − t
t
=
2r(2k−r(2m +1 )− (2s +1 ) )
2r(2s +1 )
,
which is trivially not even.
Now we show that for the ﬁxed k ≥ 1 the cycle θ =( 12... 2k) is a complemen-
ting permutation, i.e. it is an l-complementing permutation for any l =1 ,2,...,2k−1.
For simplicity of the notation rewrite the set of vertices as the set Z2k =
{0,1,...,2k − 1}. We denote by +2k the addition modulo 2k.
To ﬁnish the proof of our claim it is suﬃcient to show that for any ∅  = A  Z 2k
the inequality θ2t+1(A)  = A holds for any t =0 ,1,....
Suppose the contrary. Therefore, there are some 1 ≤ l ≤ 2k − 1 and A =
{j1,...,j l} such that θ2t+1(A)=A for some t ≥ 0.S i n c eθ2t+1 is a one-to-one
mapping of A,w ec o n c l u d et h a t(θ2t+1)m(j1)=j1 for some 1 ≤ m ≤ l ≤ 2k − 1.
Therefore,
j1 = θ(2t+1)m(j1)=j1 +2k (2t +1 ) m.
Consequently, 2k is a divisor of (2t +1 ) m, which contradicts the property m<2k.
A Note on Self-Complementary Hypergraphs 353In order to ﬁnish the proof it is suﬃcient to show that all self-complementary
hypergraphs with 2k vertices are induced by cycles of length 2k.
Denote the set of vertices of the self-complementary hypergraph X by
{1,...,2k}.L e tσ be a complementing permutation of the hypergraph X.C e r t a -
inly, σ  =i d. We may present the permutation σ as follows:
σ = σ1 · ...· σt,
where σj’s are disjoint cycles, j =1 ,...,t, 1 ≤ t ≤ 2k − 1.F i xj.L e tσj =( vj,1 ...
vj,kj), kj ≥ 1, j =1 ,...,t.S i n c e
σ({vj,1,...,v j,kj})=σj({vj,1,...,v j,kj})={vj,1,...,v j,kj},j =1 ,...,t,
the fact that σ is an l-complementing permutation for l =1 ,...,2k − 1 implies that
kj =2 k, j =1 ,...,t.C o n s e q u e n t l y ,t =1and σ is a cycle of the length 2k as claimed
in the theorem.
REFERENCES
[1] Farrugia A.: Self-complementary graphs and generalisations: a comprehensive re-
ference manual. University of Malta, 1999
[2] Kocay W.: Reconstructed graphs as subsumed graphs of hypergraphs, and some
self-complementary triple systems. Graphs and Combinatorics 8 (1992), 259–276
[3] Szymański A.: Note on self-complementary 4-uniform hypergraphs.( P r e p r i n t )
Małgorzata Zwonek
zwonek@mat.agh.edu.pl
AGH University of Science and Technology,
Faculty of Applied Mathematics
al. Mickiewicza 30, 30-059 Kraków, Poland
Received: January 16, 2005.
354 Małgorzata Zwonek